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Abstract 

The aim of this paper is to create a large geometrical background on 
, the dual 1-jet space J 1 * (T, M) for a multi-time Hamiltonian approach 

O j of the electromagnetic and gravitational physical fields. Our geometric- 

physical construction is achieved starting only from a given quadratic 
Hamiltonian function 

H = h ab (t)g t:l (t, x)p1p) + Ufa (t, x)p°: + T{t, x) 

which naturally produces a canonical nonlinear connection N, a canonical 
Cartan iV-linear connection CT (N) and their corresponding local distin- 
guished (d-) torsions and curvatures. In such a context, we construct 
some geometrical electromagnetic-like and gravitational-like field theories 
which are characterized by some natural geometrical Maxwell-like and 
Einstein-like equations. Some abstract and geometrical conservation laws 
for the multi-time Hamiltonian gravitational physical field are also given. 
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1 Distinguished Riemannian geometrization of 
metrical multi-time Hamilton spaces 

Recently, the studies of Atanasiu and Neagu (see the papers [2J, [3] and [3]) initi- 
ated the new way of distinguished Riemannian geometrization for Hamiltonians 
depending on polymomenta, which represents in fact a natural "multi-time" 
extension of the already classical Hamiltonian geometry on cotangent bundles 
(synthesized in the Miron et al.'s book [E]). In what follows, we expose the 
main geometrical ideas which characterize the distinguished Riemannian geo- 
metrical approach of Hamiltonians depending on polymomenta (see for details 
the Oana, and Neagu's papers [T5], [IS])- 
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Let us consider that h = (h a b (t)) is a semi-Riemannian metric on the "multi- 
time" (temporal) manifold T m , where m = dimT. Let g = (g 1 -* {t c , x k , p%)) be 
a symmetric d-tensor on the dual 1-jet space E* — J 1 *(T 1 M), which has the 
rank n = dim M and a constant signature. At the same time, let us consider a 
smooth multi-time Hamiltonian function 

E* 3 (t a ,x\p«)^H(t a ,x\p«)ER, 

which yields the fundamental vertical metrical d-tensor 

m) = 1 d 2 H 
( a )( fc ) 2dp°;dpy 

where a, b = 1, ..,m and i, j = 1, ...,n. 

Definition 1 A multi-time Hamiltonian function H : E* — > R, having the 
fundamental vertical metrical d-tensor of the form 

G { ^,x k ,pl) = \-^b = K h (t^(t^x\pl\ 

is called a Kronecker h-regular multi-time Hamiltonian function. 

In this context, we introduce the following important geometrical concept: 

Definition 2 A pair MH 7 ^ = (E* = J X *(T, M), H), where m = dimT and 
n = dimM, consisting of the dual l-jet space and a Kronecker h-regular multi- 
time Hamiltonian function H : E* — > M, is called a multi-time Hamilton 
space. 

Example 3 Let us consider the Kronecker h-regular multi-time Hamiltonian 
function H\ : E* — > K, given by 

H 1 = ^-h ab {t)^{x)p a i p h j , (1) 

where h ah (t) (^^(x), respectively) is a semi-Riemannian metric on the temporal 
(spatial, respectively) manifold T (M , respectively) having the physical mean- 
ing of gravitational potentials, and m and c are the known constants from 
Theoretical Physics representing the mass of the test body and the speed of 
light. Then, the multi-time Hamilton space QMH^ = (E*,Hi) is called the 
multi-time Hamilton space of the gravitational field. 

Example 4 If we consider on E* a symmetric d-tensor field g lJ (t,x), having 
the rank n and a constant signature, we can define the Kronecker h-regular 
multi-time Hamiltonian function H 2 : E* — > K, by setting 

H 2 = Kb{t)g ij (t, x)p a iP ) + U®{t, x)p1 + F{t, x), (2) 
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where u9\ (t, x) is a d-tensor field on E* , and F{t, x) is a function on E* . Then, 
the multi-time Hamilton space M£T>MH , ^ l = (E* , H2) is called the non-auto- 
nomous multi-time Hamilton space of electrodynamics. The dynamical 
character of the gravitational potentials gij(t,x) (i.e., the dependence on the 
temporal coordinates t c ) motivated us to use the word " non- autonomous " . 

An important role for the subsequent development of our distinguished Rie- 
mannian geometrical theory for multi-time Hamilton spaces is represented by 
the following result (proved in the paper [2]): 

Theorem 5 If we have m = dim T > 2, then the following statements are 
equivalent: 

(i) H is a Kronecker h-regular multi-time Hamiltonian function on E* . 

(ii) The multi-time Hamiltonian function H reduces to a multi-time Hamil- 
tonian function of non- autonomous electrodynamic type. In other words, we 
have 



H 



h ab {t)g» (t, x)p a lV ) + U$(t, x)p1 + F(t, x). (3) 



Corollary 6 The fundamental vertical metrical d-tensor of a Kronecker h- 
regular multi-time Hamiltonian function H has the form 



, m) _ 1 d 2 H _ f h 11 {t)g l Ht,x k ,p 1 k ), m = dimT = 1 
T (a)(b) ~ 2dvjdp) ~ \ h ab (t c ) g v(t c ,x k ), m = dimT>2. 



Following now the Miron's geometrical ideas from |13) . the paper [5] proves 
that any Kronecker /i-regular multi-time Hamiltonian function H produces a 
natural nonlinear connection on the dual 1-jet space E*, which depends only by 
the given Hamiltonian function H: 

Theorem 7 The pair of local functions N = (j!ftyb'^(ijj) on w ^ ere (xtc 
are the Christoffel symbols of the semi-Riemannian temporal metric h a b ) 



1 (i)b - XbcPi 



2 Ob 4 



b r 



dgij dH d gij OH d 2 H d 2 H 



dx k dp b k d P b k dx k 9lk dxWp b k 9lk dx i dp\ 



represents a nonlinear connection on E* . This is called the canonical non- 
linear connection of the multi-time Hamilton space MH^ — (E*,H). 

Taking into account the Theorem[5]and using the generalized spatial Christof- 
fel symbols of the d-tensor gij, which are given by 

ij 2 \dxJ dx* dx l 
we immediately obtain the following geometrical result: 
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Corollary 8 For m — dim 7" > 2, the canonical nonlinear connection N of 
a multi-time Hamilton space MHJ^ = (E*,H), whose Hamiltonian function is 
given by {3J) 7 has the components 



where 



T (S = T" {Ulb 'i + UjUi) ' (5) 

tt Tr( k ) tt dUkb TT t-\s 
Uib — 9ikU( b) , Ukb*r — UsbL kr- 



'(b) > -*6-r- dx 

2 W 



The canonical nonlinear connection N = on E* allows us the 



construction of the adapted bases 



where 



8 _d_ _ (6) _d_ 8 3 (b) d 

§t a Q t a l (J) a d p b> Sx l 3x l 2 (j) 'dpy 

8p1 = dp? + N$ b dt b + N^dxi. 



(6) 



The main result of the metrical multi-time Hamilton geometry is the Theo- 
rem of existence of the Cartan canonical /i-normal iV-linear connection CT (N) 
(see |16j ) which allows the subsequent development of our metrical multi-time 
Hamilton theory of physical fields. 

Theorem 9 (the Cartan canonical iV-linear connection) On the metrical 
multi-time Hamilton space MH™ t — ( J 1 *(T, M), H), endowed with the canonical 
nonlinear connection N, there exists an unique h-normal N -linear connection 



CT(N) = (xl c , A) c , H} k , Cjg) 



having the metrical properties: 

(i)9ij\k=0, g ij \$=o, 

Ai — 9 d OEM. rji — ff' r<*( fc ) — r* fe M 

w A jc - YW jk ~ kj ' ^ ~ j ^ ' 

where "/ a ", "\k" and represent the local covariant derivatives of CT(N). 

i(k) 

Moreover, the adapted local coefficients H* k and Cj) c \ of the Cartan canonical 
connection CT(iV) have the expressions 

H i ( 5 JlL , ^9kr_ _ %A c j{k) = _9ir ( dg^_ dg^_ _ dg jk \ 

jk 2 \ 5x k Sxi Sx r J ' ^ 2 I dp c k dp] dp% J ' 
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Remark 10 (i) The Cartan canonical connection CT(N) of the multi-time 
Hamilton space MH^ verifies also the metrical properties 



(k) 

hab/c = hab\k = hab\l c \ = 0, Qijjc 

:' i i In the case m = dim 7" > 2 7 the adapted coefficients of the Cartan 
canonical connection CT(N) of the multi-time Hamilton space MH™ L reduce to 



= 0. 



AO, _ a a 
A bc — Xbc> 71 



9g, 



ij 



2 dt c ' 



c 



;(fc) _ 



o. 



(7) 



Applying the formulas that determine the local d-torsions and d-curvatures 
of an /i-normal AT- linear connection DT(N) (see [15]) to the Cartan canonical 
connection CT(N), we obtain (see [H]): 

Theorem 11 The torsion tensor T of the Cartan canonical connection CT(iV) 
of the multi-time Hamilton space MH^ is determined by the adapted local d- 
components 
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where 

(i) for to = dim T — I, we have 
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(ii) for to = dim T > 2, using the equality {5|) cmrf i/ie notations 
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we have 



± aj ^ja' 



(r)a(b) 



R 



(/) 

(r)ab 



XgabPri 



R 



(/) 
(r)aj 

(/) 
(r)ij 



dN 



(/) 



dt a 



yf T (C) 

Aca (r)^' 



r (/) 
■ (r)i\j 



-T, 



(/) 



(r)j|j 



Theorem 12 TTie curvature tensor R 0/ i/ie Cartan connection CT(iV) of the 
multi-time Hamilton space MH^ is determined by the following adapted local 
curvature d-tensors: 
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n (l)(a)bk - °a n lbki 



where, for m = dimT > 2, we have the relations 

~ H (l)(a)bc - °lXabc- °a U lbc> ~ 

and, generally, the following formulas are true: 
(i) for m — dimT = 1, we have 
Xm=0, 



n (i)(a)jk - "a-^ijk' 
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(ii) for m = dimT > 2, we have 



Aabc o, c Q.f, i Aa6A/c AacA/ii 
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In the next Sections, following the physical and geometrical ideas of the al- 
ready classical Lagrangian geometry of physical fields (see [T^], [12] and [S]), 
we construct a possible multi-time Hamiltonian approach of the electromag- 
netic and gravitational physical fields, which is characterized by some natural 
geometrical Maxwell- like and Einstein-like equations. To reach this aim, we 
consider a multi-time Hamilton space MH^ = (j 1 * (T, M) , if) endowed with 
its canonical nonlinear connection 



( M {a) 



.v ( .v::v,., 



and we also consider the Cartan canonical connection of the space MH^, which 
is locally expressed by 



CT(N) = (x a bc , A%, H) kl C 



»(*) 

j(c) 



2 Multi-time Hamilton electromagnetism. Ge- 
ometrical Maxwell-like equations 

Let us consider the canonical Liouville- Hamilton d-tensor field of polymomenta 

d 

C*= v a —— 

together with the fundamental vertical metrical d-tensor G) of the multi- 

t> (a)(6) 

time Hamilton spaces MH^. These geometrical objects allow us to construct 
the metrical deflection d-tensors 

A (0 _ r (i)W A (») __(0 A (0 _^W(fe) A (c) _U) 

^{a)b ~ U (a)(c)^(fc)b - P(o)/6' ^(a)j ~ U (a)(c)^(fc)j ~ P(a)|j> 

Ai)U) _ r (i)(k) ,o(c)0') _ „(0 |00 
W (a)(6) - U (a)(c)"(l)(i) - p (a)Kfc)' 

(?) (i)(fc) i(?) 

wherep/A —G\a)(c)Pk an d"/b"; |j" an d"|(b)" are the local covariant derivatives 
induced by the Cartan connection CT(iV). 

Taking into account the expressions of the local covariant derivatives of the 
Cartan connection CT(iV) (see the paper p~5]), by a direct calculation, we obtain 
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Proposition 13 The metrical deflection d-tensors of the multi-time Hamilton 
spaces MH^ have the expresions: 



(i) for m = dim T =1, we have 



lt!l --h lig ik Al lP l, A% 



hug' 



(8) 



^(1)(1) ~~ hll 9 "110 °fc(l)Pri 
(ii) /or to = dimX > 2 7 we have 

Ik 

4 

,o(*)(3) _ u ij 



(9) 



In order to construct our metrical multi-time Hamiltonian theory of electro- 
magnetism, we introduce the following concept: 



Definition 14 The distinguished 2-form on J 1 * (7~, M) , locally defined by 



where 



p(0 _ 1 
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(11) 



is called the multi-time electromagnetic field of the metrical multi-time 
Hamilton space AlH'^ . 

By a straightforward calculation, the Proposition [T3] implies 

Proposition 15 TTie components and ft^)(b) °f ^ e mu ^"^ me electro- 

magnetic field F, associated to the multi-time Hamilton space MH 7 ^, have the 
following expressions: 

(i) in £/ie case to = dim 7" = 1, we have 



F, 



(i) 



h 1 



n ik at at- C^-J i / jk tjt ik tjt \ „1 

5 ^(fe)i - 9 N {k)j + [g J H kl - g H kj ) p r 



' /(i)(i)- u ' 



i)j 2 

(ii) to £/ie case to = dim 7" > 2, we have 
F (i)j = I W k Uka.i - g lk U k a. 3 + gi k U ia . k - g lk U ]a . k ] , /gg = 0. 

The main result of our abstract geometrical Hamilton multi-time electro- 
magnetism is given by 
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Theorem 16 The electromagnetic components F$.j of the multi-time Hamil- 
ton space MH^ are governed by the following geometrical Maxwell-like 
equations: 

(i) for m — dim T — 1, we have 

— A JaW i a(') rpr , „o(*)M p (l) , ™ (r) \ 
r (l)k/l — 2 {*' fc } \ (l)l|fe + a (l)r lfc t7 (l)(l) rt (r)lfe ~T rt rlfcP(l) J 

v - 1 /,»(«)(<•) d(i) ,™ J^l 

2-r{i,j,*} Mi)j|fc _ 2 ^f 4 ^} I WW n rjkP(i)j 

|0) _ 1 /. , /,a«(fc) _p* W„W _ A W r r(fe) _-(i}(r) p (l) (k)\ . 
^Wi'W ~~ 2 {< ' i} I WWIJ rj(l)P(l) fl (l) r j(l) y (l)(l) (r)j(l) J ' 

(ii) for m = dim 7" > 2, we /iave 

P M _ 1 j /a(0 ,a(*) , ,a(»)W d(/) i pi „W\ 

^(o)fc/6 ~~ 2 {l ' k} I ^(a)r J bfc + V (a)(f) n (r)bk + U rbkP(a)j 

V pW - _ 1 V L<)WM ,nM „w \ 

^{i,j,fc} ^(a)j|fc - 2 M*^) \ (a)(f) U (r)jk + ~ n rjkP(a) f 

Ezp(i) i(fc) _ n 

where A^ jj means an alternate sum, Y]u j fe i means a cyclic sum, and we used 
the notations p^ = G^^p] and p^ = G^^p). 

Proof. The general Ricci identities (see [15] and [16]) applied to g 1 - 7 lead us to 
the equalities: 



(12) 



Let us consider the following non- metrical deflection d-tensor identities (|15j): 

(A \ _ A^ -Jn'' _ A^) ^pr _ „a(<J)(r) p(/) 

l a U ^(p)6|& (p)k/b — Pr^pbk AA (p)r 1 bk U (p)(f) n (r)bk> 

CW 1 |W _ ,a(<*)(*0 _ n dpr (k) _ .(d) ^(fc) _ n(d)(r) „(/) (fe) 

l«3j ^(p)jl( c ) %)(c)|j -Pr^pj(c) a (p)r U j(c) "(p)(/) (r)j(c) ' 

wnere £A (i)fc - p. /b , - p.^, w ( . )(b) - p i | (6) . 

Contracting the above deflection d-tensor identities with the fundamental 
vertical metrical d-tensor G^fy, and using the equalities (|12"j) . we obtain the 
following metrical deflection d-tensor identities: 

(Jl \ *(*) a(<) — _,J r ) pi aW Tr .qCOM p(/) 

^"lJ ^(o)6|fc ^(a)k/b ~ P(a) n rbk LA (a)r 1 bk V (a) (/) it (r)6fe ' 
(i) AW _ J r )E» p(/) 



\ a 2) ^(a)j\k ^(a)k\j ~ P(a) n rjk V \a)(f) n (r)jk' 
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^ a; (o)j'( c ) ( a )( c )h m°) r i( c ) 



(a)r j{c) 



,aW(r) p(/) (ft) 

(r)j(c) ■ 



To obtain the first (respectively, the third) geometrical Maxwell-like equa- 
tion, we permute the indices i and k in the identity (d^) (respectively, the indices 
i and j in the identity (d' 3 )), and we subtract this new identity from the initial 
one. For m = dim T > 2 we find the following new identity: 



F, 



(i) ,(fc) 



(a)il(c) 



(i)(fc) 



WW 



(a)(c)|j (o)(c)|i 



Consequently, doing a cyclic sum by {i, j, k} for m > 2, we obtain what we were 
looking for. 

Doing a cyclic sum after the indices {i,j,k} in the identity (d' 2 ), it follows 
the second geometrical Maxwell-like equation. ■ 



3 Multi-time Hamilton gravitational field. Ge- 
ometrical Einstein-like equations 

Let us consider that h = (h a b(t)) is a fixed semi-Riemannian metric on the 
temporal manifold T and let 

be an " a priori" given nonlinear connection on the dual 1-jet space J 1 *(T, M). 
Let 

be the vertical distinguished 1-forms adapted to the nonlinear connection N. 

An essential element in the development of our abstract geometrical multi- 
time Hamilton gravitational theory is given by the following definition: 

Definition 17 From an abstract physical point of view, an adapted metrical 
d-tensor G on the dual 1-jet space E* — J 1 *(7", M), locally expressed by 

G = h ab dt a ® dt b + g ij dx i ® dx j + h ab g ij 5p1 ® 5p b , 

where gij = gij(t c ,x k ,x k ) is a symmetric d-tensor field of rank n — dimM 
having a constant signature on E* — J 1 *(7~, M), is called a multi-time grav- 
itational h-potential on E* . 

Now, taking a multi-time Hamilton space MH^ — (E* , H ) , via its funda- 
mental vertical metrical d-tensor (which is given by (j4j) and its canoni- 
cal nonlinear connection N, we naturally construct a corresponding multi-time 
gravitational /i-potential on E* , setting 

G = h ab dt a <g> dt b + gijdx 1 ® dx j + h ab g tj 5p" <g> Sp b . 
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At the same time, let us consider that 



CT(N)=(x c ab ,A%,H} k ,C 



(fe) 



is the Cartan canonical connection of the multi-time Hamilton space MiJ ? ™ . 

Postulate. We postulate that the geometrical Einstein-like equations, 

which govern the multi-time gravitational h-potential G of the multi-time Hamil- 
ton space MH™ n , are the abstract geometrical Einstein equations attached to 
the Cartan canonical connection CT(N) and to the adapted metric G on E* , 
namely 

Ric(CT) - Sc( ^ r) G = /CT, (13) 

where Ric(CT) represents the Ricci tensor of the Cartan connection, Sc(CT) 
is the scalar curvature, JC is the Einstein constant and T is an intrinsic 
d-tensor of matter, which is called the stress-energy d-tensor of polymo- 
menta. 

In the adapted basis of vector fields 

^ Xa) = {st^'s^'dp? 

which is produced by the canonical nonlinear connection N of the multi-time 
Hamilton space MH ™ , the curvature tensor R of the Cartan canonical connec- 
tion CT(iV) is locally expressed by 

It follows that we have 

R AB = Ric(X4, X B ) = H% D , Sc(CT) = G AB R AB , 

where 

h ab , for A = a, B = b 
gv, for A = i, B=j 

(14) 

h<* gij , for A= g, B= gj 
0, otherwise. 

Taking into account, on the one hand, the form of the metrical d-tensor 
G = (Gab) of the multi-time Hamilton space MH^, and, on the other hand, 
taking into account the expressions of the local curvature d-tensors attached to 
the Cartan canonical connection CT (TV), by direct computations, we find 

Proposition 18 The Ricci tensor Ric(CT) of the Cartan canonical connection 
CT (N) of the multi-time Hamilton space MH^ is determined by the following 
adapted components: 



qAB ={ 
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Using the notations \ = h at> x a b' R = 9 tj Rij an d 5* = /i 11 ^^^, 
obtain 
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Corollary 19 TTie scalar curvature Sc(CT) o/ i/ie Cartan canonical connection 
CT (N) of the multi-time Hamilton space MH^ is given by the formulas: 

(i) for m = dim T = 1, we /iGwe Sc(CT) = P — 5; 

(ii) /or to = dimT > 2, we /iave Sc(CT) = x + P. 

In this context, the main result of the Hamilton geometrical multi-time grav- 
itational theory is offered by 

Theorem 20 The geometrical Einstein-like equations, which govern the 
multi-time gravitational h-potential G of the multi-time Hamilton space MH^, 
have the following adapted local form: 

(i) for m — dimT = 1, we have 
R-S, 



-ftii =On 



R 



R-S 



io 2 



-9ij 



cWO) 
"^(lXi) 



R-S 



KTa 



hug 1 - 



jttWO) 

^Ni)(i) 



(15) 



= T H , i? jl= /CT a 



= T 



W 



i(i)' 
(i)i 



-P. 



0) 



i(l) 



/CT 



0) 



(i)i' 



i(i) 



(i)i' 
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(ii) for m = dimT > 2, we have 

x + R , 

Xab n I 



ICT ab 



Rij ^ 9ij — KIT ij 

2 nab 9 - /VJ1 (a)(()) 



(16) 



n — t ( ' 

U - 1 i(6)' 



= T 



= T 



0') 

o(6) 
« 

(a)i' 



where Tab, A, B <E ja, i, ^ | represent the adapted components of the stress- 
energy d-tensor of matter T. 

Remark 21 In order to have the compatibility of the system of geometrical 
Einstein-like equations, it is necessary the "a priori" vanishing of certain adapted 
components of the stress- energy d-tensor of matter T. 

From a physical point of view, it is well known that in the classical Rieman- 
nian theory of gravity, the stress-energy d-tensor of matter have to verify some 
conservation laws. By a natural extension of the classical Riemannian conser- 
vation laws, in our geometrical Hamiltonian context, we postulate the following 
generalized conservation laws of the stress-energy d-tensor of polymomenta T: 

VAe{a, i, <»>}, 



Tf | B = 0, 



where = G bd Tda- Consequently, by straightforward computations, we 
obtain 

Theorem 22 The generalized conservation laws of the Einstein-like equa- 
tions of the multi-time Hamilton space MH^ are expressed by the following 
formulas: 

(i) for m = dimT = 1, we have 



R-S 



-1/1 

R-S 



— pr _ p(l) |M 
- U l\r ^(r)ll(l) 



|(r) 
(r)jl(l) 



(17) 



? (i)(i) 
'(0(1) 



R-S 



SI 



(r) 
(1) 



(l)|r' 



where 



13 



pi 1 ) _ Ull n . PW Ui — n iqf? . 



R\ — g iq R q \, 

p(l) _ 1,11 _ p(«) p»0') _ n iqp 0') 

~ " 9*1^(1)3' ^ (1) ~ 5 9(1) 



cl^UJ _ 1,11 „ qWU 
(0(1) ~~ i«9 J (l)(l)> 



(ii) /or to = dim 7" > 2, we have 



xl 



R- 



x±R s f 

2 d \ 
X + R x r 



= -Rl 



If 



= 0, 



(18) 



where 



( = hf c Xcb: //', //"'/.V Rl = g*iR qb . 



Open problem. The authors of this paper consider that the finding of 
a possible real physical meaning of the present multi-time Hamiltonian geo- 
metrical theories of gravity and electromagnetism may be an open problem for 
physicists. 

Acknowledgements. Many thanks go to Professor Gh. Atanasiu for his 
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